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Natural Convection in a Porous Cavity Saturated
with a Non-Newtonian Fluid

D. Getachew,* W. J. Minkowycz,t and D. Poulikakost
University of Illinois at Chicago, Chicago, Illinois 60607

A numerical and theoretical study is performed to analyze the steady-state natural convection fluid
flow and heat transfer in a rectangular porous cavity filled with a non-Newtonian fluid and bounded by
impermeable surfaces. The flow is modeled by utilizing the modified Darcy equations. Isothermal bound-
ary conditions are considered where two opposite vertical walls are kept at constant but different tem-
peratures, and the horizontal walls are insulated. The external parameters are the AR, /?«, and power-
law index. Employing pure scaling arguments, four heat transfer modes are identified: 1) pure conduction,
2) high-/ta convection, 3) distinct horizontal boundary-layer convection, and 4) distinct vertical boundary-
layer convection. The results obtained from the scaling arguments are verified numerically. The agreement
between the results obtained from the scaling arguments and the numerical model is good. The numerical
results are presented in terms of theoretical streamlines and isotherms, the average Nu at the hot wall,
the horizontal velocity at the vertical midplane, the vertical velocity at the horizontal midplane, and the
temperature distribution at the horizontal and the vertical midplanes.

Nomenclature
c = specific heat of the fluid
E>a = Darcy's number
Fs = Forchheimer number
g = magnitude of the gravity vector
g = gravitational body force
H = total height of the cavity
/, j = indices
k" = effective thermal conductivity of the porous

medium
L = total length of the cavity
m = consistency index
Nu = Nusselt number
n = flow behavior index
Pr — Prandtl number
q = heat transfer per unit depth
qf = heat flux in the fluid phase
Ra = modified Rayleigh number
S = source term
T = dimensionless temperature
Ts - temperature
u, v = dimensionless velocity components
uf9 vf = velocity components
v = velocity vector
jc, y = dimensionless coordinates in the physical domain
x, y = coordinates in the physical domain
Y — correction factor
am — thermal diffusivity of the porous medium
/3 = volumetric expansion coefficient
F = generalized diffusion coefficient
pf = density of the fluid
(j> = general dependent variable
i// = stream function

Subscripts
cond = conduction heat transfer
conv = convection heat transfer
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/ = properties in the fluid phase
s = properties in the solid phase

Introduction

INTEREST in natural convection fluid flow and heat transfer
in porous media has been motivated by a broad range of

applications, including geothermal systems, crude oil produc-
tion, storage of nuclear waste material, ground water pollution,
etc. A comprehensive review of the literature is available.1 In
a wide variety of such problems the physical system can be
modeled as a two-dimensional rectangular enclosure filled with
a homogeneous porous medium, with the vertical walls at dif-
ferent temperatures and the connecting horizontal walls being
considered adiabatic.

In the past two decades, numerous theoretical and experi-
mental investigations have been devoted to the steady-state
natural convection flow and heat transfer in such enclo-
sures.1"18 Theoretical works reported include numerical
results,2"9 boundary-layer analyses,2"9 and important experi-
mental results.10'11 Based on these studies, various correlations
have been reported for the average Nusselt number for shallow,
square, and tall cavities.

With the exception of Chan et al.,2 who considered the vis-
cous diffusion effects, most of the early theoretical studies
were based on Darcy's law. An excessive effort has taken place
over the past decade to study non-Darcy effects (flow inertia
and viscous diffusion) on natural convection in an enclosed
porous layer.12"19 No details of those studies are discussed
herein for brevity.

The fluids that have been used in all of the previously men-
tioned investigations were Newtonian fluids. Thus, from the
viewpoint of theoretical analysis, the work with Newtonian
fluids has received the maximum attention and is well under-
stood. On the other hand, for non-Newtonian fluids, to the best
of the authors' knowledge, with the exception of the works of
Bian et al.,20'21 no work on natural convection in a rectangular
porous cavity saturated with a non-Newtonian fluid has been
reported. All of the existing literature on natural convection in
a porous medium saturated with non-Newtonian fluids is for
external flows over various surfaces.22"28 An exhaustive listing
on this subject may be found in the article by Shanoy.29

The purpose of this article is to analyze the behavior of a
natural convection flow in a rectangular porous material sat-
urated with a non-Newtonian fluid. The problem is analyzed
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numerically, for two-dimensional flow patterns, via the finite
difference solution of the governing equations. The flow is
modeled by utilizing the Darcy equation for the porous layer.

Formulation of the Problem
Problem Considered

Consider a natural convection in an enclosed porous me-
dium with rectangular impermeable boundaries. The porous
medium is assumed to be saturated with a purely viscous non-
Newtonian fluid of the Ostwald-de Waele power-law type. The
configuration is shown in Fig. 1. The side walls are of height
H and at distance L apart. They are maintained at temperatures
Th and Tc, with Ar = Th - Tc > 0. The top and bottom walls
are considered perfectly insulated. The coordinate system is
defined so that the vertical axis points vertically upward in the
direction opposite to the gravity vector of magnitude g. The x
axis is horizontal.

Heat transfer through the walls causes density changes to
the fluid in the cavity and leads to the buoyancy-driven recir-
culation. The resulting flow is treated as steady, laminar, and
two dimensional. Furthermore, in the formulation of the prob-
lem, it has been assumed that the fluid properties are constant,
except for the density variation in producing the buoyancy
force; viscous drag and inertia terms are neglected; velocity
slip at the bounding surface is permitted; and the viscous heat
dissipation, the compression work, and the heat generation are
assumed to be neglected.

Differential Equations
With the previous assumptions, the macroscopic forms of

the governing equations, extracted from the general macro-
scopic equations obtained from the corresponding microscopic
equations with the method of volume averaging30'31 for the case
of Darcy's flow, are

duf dvf
—: + —: = 0dx dy

Insulated Wall

mY d- Y, mY d dTf

dx / dy dy

where

(4a)

(4b)

Note that Eq. (2) is obtained after eliminating the pressure p
by cross differentiating and subtracting the x and y momentum
equations. The power-law exponent of the non-Newtonian
fluid is denoted by n. The modified permeability of the porous
matrix saturated with non-Newtonian fluid is31

180(1 - e/

where sf is the porosity and dp is the average pore diameter.
The correction factor Y is a function of the power-law index.31

Boundary Conditions
To complete the mathematical formulation of the enclosure

convection problem, the boundary conditions for the governing

Warm Wall
Th

Cold Wall
Tc

x Insulated Wall

Fig. 1 Two-dimensional rectangular porous layer held between
differentially heated walls.

differential equations need to be specified. The relevant hy-
drodynamic and thermal boundary conditions are as follows:

Impermeable walls:

uf = 0 at x = 0, L

vf = 0 at y = 0, H

Adiabatic top and bottom boundaries:

dT

at

Constant- temperature side walls:

T = Th at x = 0

T = Tc at x = L

(5a)

(5b)

(6a)

(6b)

(7a)

(7b)

The flow and temperature fields in the porous layer can be
obtained by solving Eqs. (1-3), subject to the boundary con-
ditions given by Eqs. (5-7).

Method of Solution
The problem formulated in the preceding section is studied

by using two different methods: 1) analytical and 2) numerical.
The analytical method utilizes the pure scaling arguments32 to
estimate, in an order-of-magnitude sense, the type of flow and
heat transfer pattern that can develop in the enclosure. The
results obtained using the scaling arguments are then verified
by performing a series of numerical experiments. The numer-
ical method used to solve the governing equations is based on
finite differences.31'33'34 The implementation of these two meth-
ods for solving the aforementioned problem will be discussed
in the following subsections.

Scale Analysis
To obtain the scaling results, consideration was given to the

region of thickness 8 and height H that is shown in Fig. 1 . In
this region, using the scales x ~ 0(5), y ~ G(#), and T ~
G(Ar), the order-of-magnitude equivalent of Eqs. (1) and (3)
(Ref. 32) is

(ii/v) ~ (8/H)

(vlH)M ~ (

Combining Eqs. (8) and (9)

(v/H)Ar~ a (8/H)2]

(8)

(9)

(10)
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Furthermore, from Eq. (2)

(u/H)\v\"~l - (v/5)|v|n-!

Using the fact that

(pgpK/mY)(&T/S) (11)

Eq. (11) yields

(v/8)[v\/(8/H)2

(12)

(13)

Since 8 X H is a boundary layer, we may assume 8 « H.
Based on the previous equation, the scales for the vertical
boundary layers in the cavity are

v ~ (aJHYl/n)Ral/n

8 ~ HY
m"R^m">

u - (am/H)(l/Yl/2n)Ral/2n

(14)

(15)

(16)

where Ra is the modified Darcy—Rayleigh number, for non-
Newtonian flow, based on the height of the cavity

Ra - pg/3KHn&T/ma"n

The heat transfer rate per unit depth is

q = Hkm
dT
dx

(17)

(18)

The order-of-magnitude equivalent of this equation reads

q ~ (km&T/Yl/2")Ral/2n (19)

Using the heat transfer in the pure conduction limit qc =
kmHAT/L as a reference quantity, the overall Nusselt number
is derived as

Nu = (q/qc) ~ (20)

The scaling analysis presented previously may be utilized to
set criteria for distinguishing distinct thermal boundary layers,
as discussed32 for Newtonian fluids.

Criterion for Distinct Vertical Boundary Layers
The requirement to have a distinct vertical boundary layer

is 8 « L. From Eq. (15)

(8/H) - (Y/Ra)11 (21)

Therefore, the requirement to have distinct vertical boundary
layers is that

(HIL) « (Ra/Y)}l (22)

Criterion for Distinct Horizontal Boundary Layers
Following the arguments in Bejan,32 the two horizontal jets

form a counterflow that carries energy by convection from one
vertical wall to the other. Let this heat transfer by convection
be denoted by gconv, where

(23)

The volume flow rate per unit depth is 21 ~ 0(v6). Thus, the
order of magnitude equivalent of the previous equation is

(24)

Let the heat transfer rate per unit depth between the two hor-
izontal jets be denoted by gcond, where

_ _,
tfcond — dy

The order of magnitude equivalent of this equation is

tfcond

The criterion for distinct horizontal boundary layer is

<7cond

which leads to

(HIL) » Yl/2"Ra~(U2"y

Table 1 Expressions for F and S
for various dependent variables

(25)

(26)

(27)

(28)

</> r s
r~-> ——— ̂  , dTi/f Y(\/u2 + v2)""1 Ra —

dx
T 1 0

Table 2 Overall Nu at the hot wall for various nonuniform
grids

Ra 22 X 22 32 X 32 42 X 42 Ref. 8

25 1.35 1.34 1.37 1.38
50 1.92 1.95 1.96 1.98
100 2.98 3.04 3.07 3.097
500 8.10 8.48 8.65 8.66
1000 11.8 12.6 12.9 12.96

Table 3 Summary of numerical
experiments on natural convection

in the effect of n*

A

n

0.56 0.78 1.00

0.25 8.53 4.38 3.09
1.00 10.30 4.74 3.07
4.00 3.40 1.62 1.22

"The overall Nu at the hot wall (Ra = 100).
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Fig. 2 Flow regimes as defined by the scaling criteria.
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-85.0

1.00
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d) Temperature

Fig. 3 Non-Newtonian effect for Ra = 100 and A = 4.0: a) vertical
velocity profiles at the horizontal midplane, b) temperature dis-
tribution at the horizontal midplane, c) horizontal velocity profile
at the vertical midplane, and d) temperature distribution at the
two vertical planes near the two side walls.

Convection Regime
From the previous considerations it is evident that, because

of the dimensionless parameters that govern the phenomenon,
namely, Ra, the geometric AR, and the power-law index n,
there are different flow regimes that are possible in the con-
figuration of Fig. 1. For a fixed value of n, the scale analysis
shows that these possible flow regimes occupy well-defined
regions in the two-dimensional domain (H/L) — Ra. These
regimes, which characterize the heat transfer for natural con-
vection in a two-dimensional enclosure heated from the side,
are summarized in Fig. 2. Thus, for a fixed value of n, as
discussed for Newtonian fluids by Poulikakos and Bejan,14

the results derived in this section suggest the following four
possibilities: 1) pure conduction (no distinct boundary layers),
2) high Ra convection (distinct horizontal and vertical bound-
ary layers), 3) tall layers (distinct horizontal boundary layers

Table 4 Summary of numerical
experiments on natural convection

in the effect of A and Ra*

Ra
1.00
50.00
100.00

0.25

0.99
2.06
4.38

1.00

0.99
4.21
4.74

4.00

0.99
1.45
1.62

"The overall Nu at the hot wall (n = 0.78).

1.0

0.8

0.6

0.4

0.2

0.0

Lev* stem
A -0.00323368
9 -0.00646736
3 -0.00970104
7 -0.0129347
6 -0.0161684
5 -0.0194021
4 -0.0226358
3 -0.0258694
2 -0.0291031
1 -0.0323368

a) 0.0

1.0

0.2 0.4 0.6 0.8 1.0

0.8

0.6

0.4

0.2

_ 0.01-*
b) o.o

I T
0.909091
0.818182
0.727273
0.636364
0.545455
0.454545

3 0272727
2 0.181818
1 0.0909091

0.2 0.4 0.6 0.8 1.0

Fig. 4 Results for n = 0.78, A = 1.0, and Ra = 1.0: a) streamline
and b) isotherms.
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0.4
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Fig. 5 Results for n = 0.78, A
lines and b) isotherms.

Level strm
A -0.549449
9 -1.0989

-1.64835
-2.1978
-2.74725
-3.29669
-3.84614
-4.39559
-4.94504
-5.49449

120

Level T
A 0.909091
9 0.818182

0.727273
0.636364
0.545455
0.454545
0.363636
0.272727
0.181818
0.0909091

: 4.0, and Ra = 100.0: a) stream-

only), and 4) shallow layers (distinct vertical boundary layers
only).

One interesting result observed from the scale analysis is
that the region for high Ra convection gets wider as the value
of n decreases from its Newtonian value. Thus for a fixed value
of Ra there is a value of A > 1 (or A < 1), where decreasing
n from its Newtonian value will change the flow structure from
tall layer limit (or shallow layer limit) to high Ra convection
regime. In the following section these results will be verified
on the basis of numerical simulations.

Numerical Method
Nondimensionalization

The numerical solution is aided somewhat by rewriting the
governing equations [Eqs. (1-7)], in a nondimensional form.
To nondimensionalize these equations, we introduce the char-
acteristic values //, aJH, and Ar = Th - Tc to denote the

-120 ' ' ' ' * ' ' ' ' * ' ' ' ' * ' l ' ' ' '
0.00 0.05 0.10 0.15 0 .20 0.25

a) x-distance

1 .00

0.75

0.50

0.25

0.00
0.00 0.05 0.10 0.15 0.20 0.25

b) x-distance

1.00

0.75

0.50

0.25

0.00
-45.0 -22.5 0.0 22.5 45.0

C) U-velocity

1.00

.00 0.25 0.50

Temperature
0.75 1.00

Fig. 6 Results for n = 0.78, A = 4.0, and Ra = 100.0: a) vertical
velocity profiles at the horizontal midplane; b) temperature dis-
tribution at the horizontal midplane, c) horizontal velocity profile
at the vertical midplane, and d) temperature distribution at the
two vertical planes near the two side walls.
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Level strm

b) 0

-0.201428
-0.402855
-0.604283
-0.80571
-1.00714
-1.20857
-1.40999
-1.61142
-1.81285
-2.01428
-2.2157
-2.41713
-2.61856
-2.81999
-3.02141

Level T
F 0.9375

0.875
0.8125
0.75
0.6875
0.625
0.5625
0.5
0.4375
0.375
0.3125
0.25
0.1875
0.125
0.0625

E
D
C
B
A
9
8
7
6
5
4
3
2
1

Fig. 7 Results for n = 0.78, A = 0.25, and Ra = 100.0: a) streamlines and b) isotherms.

reference values of length, velocity, and temperature, respec-
tively. To denote the dimensionless dependent variables, the
subscript/is dropped. Thus,

ii = ufl(a,JH) (29a)

T=(Tf- Tc)/(Th~ Te) (29b)

v = vf/(am/H) (29c)

The dimensionless independent variables are taken as

;c = x/H (30a)

y = y/// (30b)

Using these transformations, the governing equations for the
case of Darcy's flow can be written in a nondimensional form
as

where

dx dy +*, (3Ddy ^

d(uT) d(vT) d2T d2T
+ ——— = —- +

dx dy dx2 dy2 (32)

dy

dx

The boundary conditions are

T = 1 at x = 0

T = 0 at x = LIH

v = 0

dT
— = 0 at y = 0, 1
dy

In the previous equations

|v| = Vw2 + v2

(33)

(34)

(35a)

(35b)

(35c)

(36a)

(36b)

(36c)

(37a)

(37b)

(37c)

(38)
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a)

i .oo

0.75

0.50

0.25

0.00

1 2 3 4
x-distance

c)
- 1 4 - 7 0 7

U-velocity
14

and Ra is given by Eq. (17). The details of the derivation of
these equations is presented in Ref. 31.

Numerical Procedure
The computation of i// and T from Eqs. (31) and (32) is

mathematically identical to solving

d(\u<t>) , 9(Av<A) a
—————— ~T~ —————— — I I

dx dy dx \ dx
— r^| + 5
dy \ dy;

(39)

In this equation A is a parameter that assumes a value equal
to one for the temperature equation and zero of the stream
function equation. When a particular meaning is associated
with (/>, the expressions for F and S are then obtained by com-
paring the actual conservation equation for the chosen variable
with Eq. (39). A complete list of T and S for different depen-
dent variables used here is given in Table 1.

A detailed description of the numerical method used for
solving the general differential equation is omitted here for
brevity.31 Only a brief summary is presented herein.

The discretization equations are derived employing a nu-
merical method that is based on the control volume formu-
lation.33"36 The resulting system of algebraic equations is
solved iteratively, using the line-by-line method idea proposed
by Patankar.33

Starting with estimated or guessed values for i/f, we first
solve for the velocity components u and v from Eqs. (33) and
(34); the resulting u and v fields are then used for the convec-
tion term in the temperature equation to calculate the temper-
ature distribution. Once the values of T are obtained, the results
are used for the source term in the stream function equation.
At this point we check if the criterion for convergence is sat-
isfied. If not, we repeat the cycle by calculating the velocity
components from the current estimated values of the stream
function.

Two criteria, pointwise convergence for the temperature and
stream function fields and global convergence for the total heat
flux at the hot wall, were applied in this study. The total heat
flux was considered to have converged when no change oc-
curred in the first four significant figures for three consecutive
iterations. Typically, pointwise convergence was achieved, de-
pending on Ra, in about 40-400 iterations.

The criterion used for iterative convergence was

< rf

1.00

0.75

°-50

0.25

0.00

d)

———— Tat x=3.9593
I————T at x=* 0.0407

I I I
0.00 0.25 0.50 0.75

Temperature
1.00

Fig. 8 Results for n = 0.78, A = 0.25, and Ra = 100.0: a) vertical
velocity profiles at the horizontal midplane, b) temperature dis-
tribution at the horizontal midplane, c) horizontal velocity profile
at the vertical midplane, and d) temperature distribution at the
two vertical planes near the two side walls.

where rf has been taken as 10~4 for both i// and T.

Validation of Numerical Solution
All computations reported in this study were performed on

the IBM RISC/6000 Aix Version 3.2 computer. To test the
accuracy of the numerical algorithm, we compared the present
results to those reported in the literature for the limiting case
of Newtonian fluid flow in porous media. The results of these
comparisons are given in Table 2. The table presents the nu-
merical predictions of the overall Nusselt numbers at the hot
wall obtained with different grid sizes for various values of
Ra along with the corresponding analytical results obtained
by Walker and Homsy.8 It is evident from the table that the 32
X 32 grid provides satisfactory results for Ra < 100, whereas
the 42 X 42 grid is sufficient for higher values of Ra. Thus,
to be on a safe side, for all of the numerical experiments
presented in this article, a grid of 42 X 42 nodal points is
used.
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) 0.0 0.2 0.4 0.6 0.8

Level strm
A -0.636469

-1.27294
-1.90941
-2.54588
-3.18234
-3.81881
-4.45528
-5.09175
-5.72822
-6.36469

Level T
A 0.909091
9 0.818182

0.727273
0.636364
0.545455
0.454545
0.363636
0.272727
0.181818
0.0909091

0.2

0.0
b) 0.0 0.2 0.4 0.6 0.8 1.0

Fig. 9 Results for n = 0.78, A = 1.0, and Ra = 100.0: a) streamlines and b) isotherms.

Results and Discussion
The' scale analysis presented in the preceding section showed

that for a given flow behavior index the convection heat trans-
fer in a porous cavity can be classified as belonging to either
the conduction, tall-, boundary-, or the shallow-layer flow re-
gime. In Fig. 2, these flow regimes are identified as I, II, III,
or IV, respectively. Each of the regimes has its own charac-
teristics and depends on the parameters associated with the
problem: Ra, AR, and n. By varying one of these parameters,
while fixing the other two, we may observe a change in the
flow regions. For example, it can be observed that for small
values of Ra, energy is transported to the cold wall by pure
conduction, and Nu is unity. This situation is achieved for
Ra —> 0 and is referred to as the conduction regime.

For the range of conditions used in this investigation, a suf-
ficiently large Ra causes a boundary-layer flow, irrespective of
n and A, in which the dominant mode of heat transfer is con-
vection. For the case of the boundary-layer limit with Ra ->

oo, it is expected that thin boundary layers will form along the
walls. Thus, all points in this region correspond to the case
where all four boundary layers are distinct.

Another interesting feature revealed by the scale analysis is
that the variation of the flow behavior index, for fixed values
of Ra and A, also changes the flow structure. For example,
for a given value of Ra it is possible to find a cavity with
the geometric AR greater than one where a reduction in the
flow behavior index changes the flow structure: tall layer —>
boundary layer. Similarly, it is also possible to find values of
A less than one where decreasing the values of n results in
changing the flow structure from shallow layer —> boundary
layer.

Temperature and Velocity Fields
The theoretical scaling trends predicted in the preceding sec-

tion are utilized as the task of selecting the best cases for direct
numerical simulation. In the first series of numerical solutions
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Level strm
-2.30953
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-6.92859
-9.23812
-11.5477
-13.8572
-16.1667
-18.4762
-20.7858
-23.0953
-25.4048
-27.7144
-30.0239
-32.3334
-34.643

Level T
0.9375
0.875
0.8125
0.75
0.6875
0.625
0.5625
0.5
0.4375
0.375
0.3125
0.25
0.1875
0.125
0.0625

0.2

0.0
b) 0.0 0.2 0.4 0.6 0.8 1.0

Fig. 10 Results for n = 0.78, A = 1.0, and Ra = 800.0: a) streamlines and b) isotherms.

obtained in this study, and summarized in Table 3, we inves-
tigated the influence of the power-law index in the heat trans-
fer-driven flow.

To document the effect of n, the solution for Nu (for Ra =
100.00 and for three different values of the geometric AR) are
summarized in Table 3. In all of these situations the Nu de-
creases as the flow behavior index increases. Thus, the most
striking effect of increasing the power-law index towards its
Newtonian value (n - 1.0) is the suppression of convection as
a transport mechanism. This effect can be observed clearly
from the results presented for the case where A = 4.00, which
is point a in Fig. 2. This point corresponds to the flow where
A *** (Ra/Y)l/2n, in an order-of-magnitude sense, when the fluid
is Newtonian; whereas, when the fluid is non-Newtonian the
point (a in Fig. 2) corresponds to the flow where A « (Ra/Y)l/2n.
Thus, as predicted via scale analysis, at point a the flow should
have a tall-layer structure when n = 1 and a boundary-layer
structure when n < 1. This aspect is illustrated by the se-
quences of temperature distribution at the vertical midplane,

the temperature distribution at the horizontal midplane, the
horizontal velocity u at the vertical midplane, and the vertical
velocity v at the horizontal midplane displayed in Fig. 3.
Clearly, Figs. 3a-3d verified the trends predicted via the scale
analysis.

Table 4 summarizes the series of experiments designed to
document the effect of the geometric AR and Ra. (The results
are presented in Figs. 5—10.) For each case, we report the
variation of 1) temperature distribution at the vertical mid-
plane, 2) temperature distribution at the horizontal midplane,
3) u at the vertical midplane, and 4) v at the horizontal mid-
plane. The computations are performed for the following range
of conditions: 1.0 < Ra < 100, 0.25 < A < 4.0, and 0.55 <
ft < 1. Flow patterns and temperature fields for typical values
of Ra are presented.

Conduction Flow Regime
The scaling regime I defined in Fig. 2 is relevant in this

case. The streamlines and isotherms for this regime are pre-
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Fig. 11 Results for n = 0.78, A = 1.0, Ra = 100 and 800.0: a)
vertical velocity profiles at the horizontal midplane, b) tempera-
ture distribution at the horizontal midplane, c) horizontal velocity
profile at the vertical midplane, and d) temperature distribution
at the two vertical planes near the two side walls.

Numerical results for the overall Nu at the hot wall
for A = 1.0
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Fig. 12 Nu vs Ra, A = 1.0.

sented in Figs. 4a and 4b, respectively. In this region, the cir-
culating convective motion is very slow and heat transfer
across the enclosure is dominated by conduction. This state is
characterized by vertical isotherms and a weak clockwise cir-
culation driven by the finite dT/dx gradient. From the numer-
ical results it is observed that, for Ra = 1, the streamlines
indicate the existence of a single vortex with its center in the
center of the domain, as shown in Fig. 4a. The corresponding
isotherms (see Fig. 4b) are parallel to the heated walls, indi-
cating that most of the heat transfer is by heat conduction.
This is in agreement with the scaling prediction made at the
beginning of this section.

Tall Enclosure Limit
In Fig. 2, point a corresponds to the tall enclosure limit. To

demonstrate the theoretical arguments presented in the preced-
ing section, numerical computations are performed for Ra =
100 and A = 4.0. Figures 5a and 5b show the streamlines and
the isotherm patterns, respectively, for n = 0.7, Ra = 100, and
A = 4.0. From the numerical results presented in Fig. 5b, it is
observed that for most of the enclosure height the isotherms
are parallel to the vertical walls, indicating that most of the
heat transfer is by heat conduction. This can be seen clearly
from the results depicted in Figs. 6a and 6b, which are the
vertical velocity and the temperature profiles, respectively, at
the horizontal midplane.

The absence of a sharp temperature and velocity gradients in
the vicinity of the vertical walls implies that in the neighborhood
of the horizontal midplane, the heat transfer from the hot wall
to the cold wall is mainly by conduction. The variation of the
horizontal velocity at the vertical midplane is shown in Fig. 6c.
From this result it can be observed that the horizontal velocity
has the highest gradient near the horizontal walls, indicating the
presence of horizontal fluid jets along these walls. These fluid
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jets are responsible for the fact that the isotherms (see Fig. 5b)
in the vicinity of the top and the bottom walls appear swept
horizontally to the right at the top wall and to the left at the
bottom wall. The results presented in Fig. 6c, along with the
temperature profiles at the vertical midplane shown in Fig. 6d,
indicate the presence of two distinct horizontal boundary layers.
These observations are in excellent agreement with the scaling
predictions made in the preceding section.

Shallow Layer
The streamlines and the isotherms for the scaling regime IV,

point c in Fig. 2, are presented in Figs. 7a and 7b. For this
regime, the numerical results show that the isotherms are not
parallel to the vertical walls. This indicates that convection
contributes to the heat transfer process. The corresponding ver-
tical velocity distribution and temperature profiles at the hor-
izontal midplane are depicted in Figs. 8a and 8b. Figure 8a
shows that v exhibits its steepest gradients near the two vertical
walls, indicating the existence of two distinct boundary layers.
However, the temperature distribution at the horizontal mid-
plane does not show a steep temperature gradient near the
vertical walls. A logical explanation for this result is that be-
cause of the relatively low Ra used in the computation, the
flow circulation is weak, and consequently, the cavity is dom-
inated by a horizontal counterflow in which the two branches
are in very good thermal contact. Thus, heat transfer by con-
duction in the vertical direction is still important. The velocity
u at the vertical midplane is presented in Fig. 8c. The result
shows an almost linear variation of u along the vertical midplane
indicating the absence of distinct horizontal boundary layers.
This can also be observed clearly from Fig. 8d, where the tem-
perature distribution at the vertical midplane is presented. In
summary, Figs. 7a-8d show the existence of distinct vertical
boundary layers and the absence of distinct horizontal boundary
layers, which is in agreement with the scaling predictions.

Four Boundary Layers
Theoretically, as briefly discussed at the beginning of this

section, an increase in Ra (for fixed values of n and A) or a
reduction in A (for fixed values of n and Ra) changes the flow
structure from tall-layer limit to boundary-layer limit. In the
boundary-layer regime, unlike in the last two regimes, the scal-
ing results predict the coexistence of the horizontal and vertical
boundary layers. To investigate the validity of the theoretical
prediction computations were performed for Ra - 100, 800 and
A = 1, shown as point b in Fig. 2. The results are shown in
Figs. 9 and 10. The streamlines and the isotherms are presented
in Figs. 9a and 9b. The vertical velocity distributions at the
horizontal midplane (Fig. 11 a), show its largest gradient near
the vertical walls, indicating the existence of distinct vertical
boundary layers. This is also shown in Fig. lib by means of
the temperature profiles at the horizontal midplane. Figure lie
shows the horizontal velocity distribution. The velocity distri-
bution presented in this figure shows its largest gradient in the
vicinity of the top and the bottom walls, indicating the devel-
opment of distinct horizontal boundary layers. The temperature
profiles at the vertical midplane are depicted in Fig. lid. Thus,
the numerical results in Figs. 9a-lld agree with the trend of
the scaling predictions.

Heat Transfer
The effect of fluid motion on heat transfer between the two

vertical walls of the enclosure was calculated by computing
the conduction-referenced Nu

Nu = Qlk"H[(Th - TC)/L] (40)

where Q is the overall heat transfer rate. In terms of dimen-
sionless quantities [Eqs. (20) and (21)], Eq. (39) can be written
as

Nu - -1 f' NA J0 W,
Ay (41)

Table 5 shows representative numerical results that demon-
strate the non-Newtonian effect on the overall Nu. The results
indicate that Nu —» 1 (conduction values) as Ra —» 0 for all
values of n. This clearly implies that the effect of the power-
law index on the overall heat transfer is negligible in the con-
duction flow regime. However, with an increase in Ra, the
magnitude of the overall Nu for any n, branches out from the
Newtonian values. The smaller the value of n, the earlier this
branching occurs.

This finding can be observed clearly from Fig. 12, where
the overall Nu vs Ra is plotted for A = 1.0 and n - 1.0, 0.8,
0.7, and 0.55. For all cases, Nu approaches the conduction
value, Nu = 1.0, when Ra —> 0. However, the higher the power-
law index, the larger the Ra required for Nu to branch out
from the Newtonian values.

From the results presented in Table 5 and Fig. 12 it can be
seen that for any fixed values of Ra and A, the overall Nu
decreases when n increases. Thus, the effect of increasing the
power-law index is similar to that of decreasing Ra.

Conclusions
Employing the Darcy model, theoretical and numerical stud-

ies of steady-state natural convection fluid flow and heat trans-
fer in a porous medium filled with a non-Newtonian fluid were
made. The theoretical solution was constructed along the lines
of scale analysis published for Darcy flow of Newtonian fluids
by Poulikakos and Bejan.14 A scale analysis of the modified
Darcy formulation leads to three governing parameters for the
steady-state natural convection: 1) Ra, 2) AR, and 3) n. The
results from the scale analysis provide criteria for the four heat
transfer regimes that may arise in the system: 1) pure conduc-
tion, 2) tall layers, 3) high Ra convection, and 4) shallow lay-
ers.

The natural convection phenomenon discussed on the basis
of scaling arguments is verified by numerical experiments. A
computer program based on the control volume formulation
was used to perform the numerical experiments.

Numerical experiments conducted for A = 0.5, 1.0, and 2.0,
Ra = 1.0, 50.0, and 100 confirmed the scaling predictions. The
dependence of Nu on the governing parameters, Ra and n, have
also been studied. It has been found that the overall Nu de-
creases with an increase in n, the reduction being larger at
higher Ra. Furthermore, in the limit Ra —> 0, the Nu tends to
unity for all n. For a fixed value of n, the present results in-
dicate that the heat transfer rate increases with an increase in
Ra. Thus, it is concluded that both increasing Ra or decreasing
n have similar qualitative effects on the heat transfer.

To our knowledge, there are no experiments to elucidate the
heat transfer characteristics of the non-Newtonian fluid flow
in a confined porous medium. Thus, experimental work in po-
rous media saturated with power-law fluids needs to be per-
formed and rigorous measurements of velocity and tempera-
ture fields as well as the heat transfer coefficients need to be
carried out to verify the theoretical results discussed in this
article. It is hoped that the work presented in this article will
serve as a stimulant to initiate further research activities in the
area of transport phenomena in confined porous media satu-
rated with non-Newtonian fluids.
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